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Nonstationary analogues of the Herglotz representation theorem for
unbounded operators
By
D. ALPAY, V. BOLOTNIKOV, A. DIJKSMA1) and B. FREYDIN
Abstract. We establish a Herglotz type representation theorem for (possibly unbounded)
upper triangular operators with positive real part.
1. Introduction. Herglotz’s theorem asserts that every function φ which is analytic in the
open unit diskDwith a positive real part there (i.e. a Carathe´odory function) admits an integral
representation of the form




1 − ze−it dσ(t)(1.1)
for some nonnegative finite measure dσ ; see e.g. [6, Theorem 4.5]. Formula (1.1) can be
rewritten as
φ(z) = Im φ(0)+ C (I + zU) (I − zU)−1 C∗,(1.2)
where C : L2(dσ)→ C is defined by C f =
2π∫
0
f(t)dσ(t) and U is the operator of multiplication
by e−it in the space L2(dσ), which is obviously unitary.
The purpose of this paper is to establish an analogue of formula (1.2) in the setting where
bounded analytic functions are replaced by upper triangular operators (see Definition 2.1).
For a related work, see [1]. This framework corresponds to nonstationary discrete time
systems; see e.g. [7]. We send the reader also to the works [3], [10], [8] and [11] for more
references and information on the theory of nonstationary systems. We expect our results
to have implications in this theory. The main result of the paper is Theorem 4.1, in which
we present a generalization to the case of unbounded operators of the results of [4]. Since
Carathe´odory functions need not be bounded (for instance, take φ(z)= 1−z1+z ), there is a need to
consider unbounded upper triangular operators with a positive real part. In the passage from
the bounded to the unbounded case a number of difficulties arise (see Example 2.3). Two key
ingredients in our analysis are: the definition of an upper triangular unbounded operator with
Mathematics Subject Classification (2000): 93Cxx, 30D50, 47N70.
1) A. Dijksma gratefully acknowledges support through a Harry T. Dozor fellowship at the Ben-
Gurion University of the Negev, Beer-Sheva, Israel, in the year 1999.
Archiv der Mathematik 78 30
D. ALPAY, V. BOLOTNIKOV, A. DIJKSMA and B. FREYDIN466 ARCH. MATH.
positive real part (see Definition 2.4) and the use of the “Zadeh” extension of a sequence of
diagonal operators (see Definition 2.2).
2. Carathe´odory operators. We let 2(Z) denote the Hilbert space of square summable
double–infinite sequences indexed by the integers Z. Let {e j } be the standard basis of 2(Z)
and denote by Z the bilateral shift on 2(Z): Zen = en+1.
D e f i n i t i o n 2.1. A bounded operator T from 2(Z) into itself is upper triangular (lower
triangular, diagonal) if its matrix representation with respect to the standard basis of 2(Z) is
upper triangular (lower triangular or diagonal, respectively).
We will denote by U and D the set of bounded upper triangular and diagonal operators. If




Tj Z j ∈ Z N+1U .(2.1)









r j Tj Z j(2.2)
converges in the operator norm for all r ∈ [0, 1) and is called the Zadeh extension of T . The
Zadeh extension has a number of nice properties. In particular,
(T1T2)(r) = T1(r)T2(r), r ∈ [0, 1),(2.3)
for any two upper triangular bounded operators T1 and T2.
D e f i n i t i o n 2.2. The Zadeh extension of a sequence of bounded diagonal operators





If the sequence Ψ j defines a bounded upper triangular operator Ψ (as in (2.1)) then Ψ(r) in
(2.4) is defined for all r ∈ [0,1) and coincides with Ψ(r) in (2.2). In general, Ψ(r) need not
converge in all of [0, 1) and in particular it is not the Zadeh extension of a bounded oper-
ator. Note also that Ψ(r) in (2.4) exists and defines a bounded operator for r ∈ [0, 1) under
much weaker conditions. For instance, if the diagonal operatorsΨ j are polynomially bounded
(‖Ψ j‖  C jn for a fixed n), then the series in (2.4) converges in the operator norm for every
r ∈ [0, 1) but it need not be the Zadeh extension of an operator in U .
The Zadeh extension of elements of U was used in [9] to solve some nonstationary
interpolation problems. In the present work we consider it in the setting of unbounded
operators. We note that even the definition of an upper triangular unbounded operator is not
so clear, as is illustrated by the following example.









(e j − e j−1),
where the operator on the left is unbounded and “upper triangular” while the operator on the
right is unbounded and “lower triangular”.
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These operators are the analogues of the two Laurent expansions of the function 11−z centered
at the origin. We will call a densely defined unbounded operator T upper triangular (with
respect to the connected open set O of its resolvent set) if the operator (λI − T ) is upper
triangular for some (and hence all) λ ∈ O.
D e f i n i t i o n 2.4. An operator Φ : 2(Z)→ 2(Z) is called a Carathe´odory operator if
1. dom Φ ∩ domΦ∗ is dense.
2. 〈(Φ+Φ∗)x, x〉  0, x ∈ domΦ ∩ domΦ∗.
3. The operator (I +Φ)−1 is upper triangular with respect to the standard basis of 2(Z)
and (I +Φ)−1(0) boundedly invertible.
R e m a r k 2.5. That I +Φ in Definition 2.4 is boundedly invertible can be seen as follows:
For every x ∈ domΦ ∩ dom Φ∗,
‖(Φ+ I) x‖2
2(Z) = ‖Φx‖22(Z) + 〈Φx, x〉2(Z) + 〈x,Φx〉2(Z) + ‖x‖22(Z)
= ‖Φx‖2




‖ (Φ+ I) x‖2(Z)  ‖x‖2(Z)
and quite similarly,
‖ (Φ∗ + I) x‖2(Z)  ‖x‖2(Z).
Then, by the open mapping principle, the operator I +Φ is boundedly invertible from 2(Z)
into itself.
Let Φ be a Carathe´odory operator and let S be the upper triangular operator defined by
S = −I + 2 (I +Φ)−1. Then
I − S∗S = 2 (I +Φ)−1 + 2 (I +Φ)−∗ − 4 (I +Φ)−∗ (I +Φ)−1 .(2.5)
For x = (Φ+ I )y, y ∈ dom Φ, we have by (2.5)
〈(I − S∗S)x, x〉2(Z) = 〈(I − S∗S)(Φ+ I )y, (Φ+ I )y〉2 (Z)
= 2〈(Φ+ I )y, y〉2(Z) + 2〈y, (Φ+ I )y〉2(Z) − 4〈y, y〉2(Z)
= 2〈Φy, y〉2(Z) + 2〈y, Φy〉2(Z)
= 2〈(Φ+Φ∗)y, y〉2(Z)  0.
From (ran (Φ+ I ))⊥ = ker ((Φ+ I )∗) = {0} it follows that ran (Φ+ I ) is dense and the above
inequality implies that S is a contraction.
Theorem 2.6. LetΦ be a Carathe´odory operator and assume that the main diagonal of the
bounded operator (I +Φ)−1 is invertible. Then there exists a sequence of diagonal operators
Φ̂0, Φ̂1, . . . such that its Zadeh extension Ψ(r) satisfies(
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Dj Z j, Dj ∈ D










r j D j Z j
)
.
For r small enough, the upper triangular operator D−10 (
∞∑
j=1
r j D j Z j) has norm strictly less
than one. The operator (I +Φ)−1(r) is invertible in U for such r. Writing its inverse
in the form I +
∞∑
j=0
Φ j(r)Z j , it is easily checked by induction that the Φ j(r) are of the
form Φ j(r) = r jΦ̂ j . unionsq
We will call Φ̂0, Φ̂1, . . . the associated sequence to the Carathe´odory operator Φ.
IfΦ in Theorem 2.6 is bounded, then it follows from (2.3) applied to I = (I +Φ)(I +Φ)−1
that Φ(r) = Ψ(r). For an unbounded Carathe´odory operator Φ the relationship between Ψ(r)
andΦ is not so clear (Ψ(r) need not be defined in all of [0,1)). However, under an appropriate
hypothesis, we have w-lim
r→1
Ψ(r) = Φ as shown in the next theorem.
Theorem 2.7. LetΦ be a Carathe´odory operator such that the main diagonal of (I +Φ)−1
is equal to 12 I and let S = −I + 2(I +Φ)−1. Assume that
∞∑
1
n||Sn || <∞, where the Sn are the
diagonal operators defining S. Then, on the range ran (I + S) the operator valued function
Ψ(r) tends to Φ in the weak operator topology as r tends to 1.
P r o o f. By definition of the Zadeh extension and from (2.6) we have
S(r) = −I + 2(I +Φ)−1(r) = −I + 2(I +Ψ(r))−1.(2.7)
Since
1
2 (Φ−Ψ(r)) = (I + S)−1 − (I + S(r))−1,
it is enough to prove that (I + S(r))−1 tends to (I + S)−1. Next, for every y ∈ D
((I + S(r))−1 − (I + S)−1)y = (I + S(r))−1(S − S(r))x.





and, by the nonstationary analogue of Schwartz lemma (see [9, Theorem 5.5 p. 136]), we
have ‖(I + S(r))−1‖  (1− r)−1. The assumptions of the theorem imply
‖S − S(r)‖ =
∥∥∥∥ ∞∑
n=1
Sn Zn(1 − rn)










Nonstationary Herglotz representationVol. 78, 2002 469
This uniform bound implies that (I + S(r))−1(S − S(r))x is weakly convergent to 0 for every




|(I + S(r))−1(S − S(r))ek = 0 for k ∈ Z.
For this proof, recall that S(0)= 0 and write S = Zσ where σ ∈ U has norm less than 1. Then,
(I + S(r))−1 = 1 − rZσ(r)+ r2 Zσ(r)Zσ(r)− · · ·
and so each coefficient Bn(r) in the expansion




admits a bound of the form ‖Bn(r)‖  n(1 − r) and tends to 0 in norm as r tends to 1. Since
Znek = ek+n , it is readily seen that for every y =
∞∑
−∞











































tends to zero as r tends to 1 since, by (2.9),∣∣∣∣
〈




















E x a m p l e 2.8. The operator Φ = (I − Z)−1 with domΦ = {(I − Z)2(Z)} belongs to the
Carathe´odory class and meets the conditions of the previous theorem.
D i s c u s s i o n. The operator (I +Φ)−1 = (2I − Z)−1(I − Z) belongs to U , and
(I +Φ)−1(0) = I/2. The intersection dom Φ ∩ dom Φ∗ is dense since dom Φ = dom Φ∗
(as is seen from (I − Z)x = (I − Z∗)(−Z)x). Moreover,
〈(Φ+Φ∗)(I − Z)x, (I − Z)x〉 = 〈(I − Z∗)x, (I − Z)x〉 ,
and Φ has a positive real part. Finally, since
S = −I + 2(I +Φ)−1 = −Z(2I − Z)−1,
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3. The state spaceL (Φ). For any upper triangular contraction S the operatorM S (F)= SF
of multiplication on the left by S is a contraction from the Hilbert spaceU2 of upper triangular
Hilbert–Schmidt operators into itself. ByH (S) ⊂ U2 we denote the operator range
H (S) = ran (IU2 −M SM ∗S ) 12
with the lifted norm∥∥ (IU2 −M SM ∗S ) 12 F∥∥H (S) = ‖(I − P)F‖U2 ,
where P is the orthogonal projection inU2 onto ker (IU2 −M SM ∗S ). LetD2 = D ∩U2. In [5],
it was shown that the formulas
A( f ) =
( f − f[0]) Z−1, B(E) = (S − S[0]) EZ−1(3.1)
C( f ) = f[0], D(E) = S[0]E(3.2)

















which is moreover, closely outer–connected: H (S) = span {ran (A∗)nC∗| n  0}.
D e f i n i t i o n 3.1. LetΦ be a Carathe´odory operator with associated sequence of diagonal
operators Φ̂0, Φ̂1, . . . . The spaceL (Φ) is the linear space of sequences of diagonal operators
F = {F0, F1, . . . } for which the Zadeh extension is of the form
F(r) = 1√
2
(I +Ψ(r)) f(r), r ∈ [0, ε)(3.4)
for some f ∈H (S) and some ε > 0 (which may depend on F), equipped with the norm
‖F‖L (Φ) = ‖ f ‖H (S).
In (3.4), r ∈ [0, 
), where 
 > 0 may depend on F.
Lemma 3.2. Let W ∈ D have the norm strictly less than 1. Then the operator M rW of
multiplication on the right by W is a contraction inL (Φ).
This fact for the spaceH (S) is proved in [5]. The similar fact here follows from the definition








(I +Φ(r))( fW )(r) = 1√
2
(I +Φ(r))(M rW f )(r).
Theorem 3.3. The formulas
AF = {F1, F2, . . . }, CF = F0, DE = Φ0 E,(3.5)
BE = {Φ1 E(−1),Φ2 E(−2), . . . }, (E(− j) = Z j EZ− j)
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Let U :H (S)→L (Φ) denote the unitary mapping U f = F and let V : D2 → D2 denote the
operator of multiplication on the left by 1√
2
(I +Φ0). The operators A,B,C and D are related
to the operators in the colligation (3.1)–(3.2) by the equations
A = UAU∗ − 1√
2
UBVCU∗, B = −UBV,(3.6)




AA∗ = IL (Φ), B = AC∗ and Re D = 12CC
∗.(3.8)
P r o o f. To prove the first equation in (3.6), we note that in view of (2.7) and definitions of
B and C,
(Ψ(r)−Ψ(0)) f(0)(rZ)−1 = 12 (I +Ψ(r))(S(0)− S(r))(I +Φ0) f(0)(rZ)−1(3.9)
= −(UBVC f )(r).
Therefore,
(AF)(r) = (F(r)− F0)(rZ)−1
= 1√
2
((I +Ψ(r)) f(r)− (I +Ψ(0)) f(0)) (rZ)−1
= 1√
2
























n Zn E = (Ψ(r)−Ψ(0))E(rZ)−1
= −(UBVE)(r),
in view of (3.9). The formulas in (3.7) are readily checked. The proofs of the identities in
(3.8) relies on the relations (3.6) and (3.7) and the fact that the colligation V is coisometric.














V(ID2 − DD∗)V ∗
)
,
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and since (
DV ∗ + 1√
2














(I +Φ0)(E) = VE
for every E ∈ D2, it follows that AC∗ = −UBV = B. unionsq
4. Herglotz’ formula. In [2] was introduced a D–valued function associated to a bounded





where W {n} = Zn(Z∗W )n is in D when W ∈ D and where F0, F1, . . . is the sequence of
diagonals associated to F as in (2.1). Formula (4.1) still makes sense for certain sequences of
diagonal operators which do not necessarily define a bounded upper triangular operator.
Theorem 4.1. LetΦ ∈ U be a Carathe´odory operator with associated diagonal sequences
Φ̂0, Φ̂1, . . . , and assume that the main diagonal of (I +Φ)−1 is equal to the identity. For any
W ∈ D such that ‖W‖ < 1 and any E ∈ D2,
∞∑
0
Φ̂n E(−n)W {n} =
(
iIm D + 12 C
(
IL (Φ) +M rW A
) (
IL (Φ) −M rW A
)−1 C∗) (E),(4.2)
where the operators A,C and D are defined by (3.5). The main operator A is coisometric,
Re D = 1/2CC∗ and moreover,
L (Φ) = span {ran (A∗)nC∗|n  0} .
Note that if Φ is bounded, the left hand side of (4.2) is equal to (ΦE) (W ) and that we get
back the results of [4]. When one considers the setting of upper triangular Toeplitz operators
and takes scalar W , one gets back to the classical Herglotz representation theorem. This is
easily seen by using the spectral theorem for (a unitary extension of) the operator A.
P r o o f o f t h e t h e o r e m. For F ∈ L (Φ) we have(
M rW A(F)
)




CM rW A(F) = F1W.





(F) = Fn W {n}.
Therefore
F(W ) = C (IL (Φ) −M rW A)−1 (F),(4.3)
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where the inverse exists because A is a coisometry and M rW is a strict contraction by
Lemma 3.2. For all F ∈ U and W ∈ D with ‖W‖ < 1, it holds that
(FZ) (W ) = (FW) (W ) = F(W (−1))W,(4.4)
and thus,
(FZ)(W ) = C (IL (Φ) −M rW A)−1 (F)W.
Setting F = B(E), we conclude that for all E ∈ D2 and W ∈ D with ‖W‖ < 1,
∞∑
n=1
Φn E(−n)W {n} =M rW C
(
IL (Φ) −M rW(−1)A
)−1B(E).
In view of (3.8) and since




Φn E(−n)W {n} =
(
D +M rW C
(




D + CM rW
(
IL (Φ) − ArW
)−1 B) (E)




∗ + C (IL (Φ) −M rW A)−1M rW AC∗) (E)





IL (Φ) +M rW A
) (
IL (Φ) −M rW A
)−1 C∗) (E).
Finally, we prove that V is closely outer–connected. Assume that F ∈L (Φ) is orthogonal to
all operators of the form
(
IL (Φ) − µ∗A∗

















= 〈F(µI ), E〉
D2
which implies that F(µI ) = 0 for all µ ∈ D and thus, F = 0. unionsq
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